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CHARACTERIZING HILBERT MODULAR CUSP FORMS BY
COEFFICIENT SIZE
BENJAMIN LINOWITZ
Abstract. Associated to an (adelic) Hilbert modular form is a sequence of ‘Fourier coef-
ficients’ which uniquely determine the form. In this paper we characterize Hilbert modular
cusp forms by the size of their Fourier coefficients. This answers in the affirmative a question
posed by Winfried Kohnen.
1. Introduction
In [2, 5] it is shown that if the Fourier coefficients a(n) (n ≥ 1) of an elliptic modular form
f of even integral weight k ≥ 2 and level N satisfy the Deligne bound a(n) ≪f,ǫ n(k−1)/2+ǫ
(ǫ > 0), then f must be a cusp form. An analogous result was recently proven by Kohnen
and Martin [4] for Siegel modular forms of weight k and genus 2 on the full Siegel modular
group. Kohnen posed [3] the question of whether one could prove analogous results in more
general settings, in particular the Hilbert modular setting. This paper answers Kohnen’s
question in the affirmative by characterizing Hilbert modular cusp forms in terms of the size
of their Fourier coefficients.
In seeking to generalize the results of [2, 5] to Hilbert modular forms one immediately
confronts a number of difficulties: the lack of Fourier expansions and the absence of an
action of Hecke operators under which the space of Hilbert modular forms is invariant. Let
K be a totally real number field and consider the complex vector space Mk(N ) of classical
Hilbert modular forms of weight k and level N over K. If the strict class number h+ of
K is greater than 1, then a form f ∈ Mk(N ) need not possess a Fourier expansion and
hence Fourier coefficients to examine. In order to circumvent this difficulty we work with the
larger space Mk(N ) of adelic Hilbert modular forms of weight k and level N . The elements
of Mk(N ) are h+-tuples of classical Hilbert modular forms and to each form f ∈ Mk(N ) one
associates (as in [7]) a sequence {C(m, f) : m an integral ideal of K} of ‘Fourier coefficients’
which uniquely determine f . Equally important to our analysis is the fact that unlikeMk(N ),
the space of adelic Hilbert modular forms Mk(N ) is mapped to itself under the action of
the Hecke operators Tp.
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2Theorem 1.1. Let notation be as above with k ≥ 3 and fix a real number ǫ ∈ (0, 5k−7
10
]
. If
f ∈ Mk(N ) satisfies
|C(m, f)| ≪f,ǫ N(m)k−1−ǫ
then f is a cusp form.
The proof of Theorem 1.1 proceeds along the same lines as those of [2, 5], though is
necessarily more complicated due to the technical nature of adelic Hilbert Eisenstein series.
Crucial in the proof will be the structure of spaces of Hilbert Eisenstein series and in par-
ticular the newform theory of these spaces. This theory was proven in the elliptic case by
Weisinger [8] and was later extended to the Hilbert modular setting by Wiles [9] and Atwill
and Linowitz [1].
2. Notation
We employ the notation of [7, 1]. However, to make this paper somewhat self-contained,
we shall briefly review the basic definitions of the functions and operators which we shall
study.
Let K be a totally real number field of degree n over Q with ring of integers O, group of
units O×, and totally positive units O×+. Let d be the different of K. If q is a finite prime of
K, we denote by Kq the completion of K at q, Oq the valuation ring of Kq, and πq a local
uniformizer. Finally, we let P∞ denote the product of all archimedean primes of K.
We denote by KA the ring of K-adeles and by K
×
A the group of K-ideles. As usual we
view K as a subgroup of KA via the diagonal embedding. If α˜ ∈ K×A , we let α˜∞ denote the
archimedean part of α˜ and α˜0 the finite part of α˜. If J is an integral ideal we let α˜J denote
the J -part of α˜.
For an integral ideal N we define a numerical character ψ modulo N to be a homomor-
phism ψ : (O/N )× → C× and denote the conductor of ψ by fψ. A Hecke character is a
continuous character on the idele class group: Ψ : K×A /K
× → C×. We denote the induced
character onK×A by Ψ as well. We adopt the convention that ψ denotes a numerical character
and Ψ denotes a Hecke character.
For a fractional ideal I and integral ideal N , define
Γ0(N , I) =
{
A ∈
( O I−1d−1
NId O
)
: detA ∈ O×+
}
.
Let θ : O×+ → C× be a character of finite order and note that there exists an element
m ∈ Rn such that θ(a) = aim for all totally positive units a. While such an m is not unique,
we shall fix one such m for the remainder of this paper.
Let k = (k1, ..., kn) ∈ Zn+ and ψ be a numerical character modulo N . Following Shimura
[7], we define Mk(Γ0(N , I), ψ, θ) to be the complex vector space of classical Hilbert modular
forms on Γ0(N , I).
3It is well-known that the space of classical Hilbert modular forms of a fixed weight, char-
acter and congruence subgroup is not invariant under the algebra generated by the Hecke
operators Tp. We therefore consider the larger space of adelic Hilbert modular forms, which
is invariant under the Hecke algebra. Our construction follows that of Shimura [7].
Fix a set of strict ideal class representatives I1, ..., Ih of K, set Γλ = Γ0(N , Iλ), and put
Mk(N , ψ, θ) =
h∏
λ=1
Mk(Γλ, ψ, θ).
In the case that both ψ and θ are trivial characters we will simplify our notation and denote
Mk(N , ψ, θ) by Mk(N ).
Let GA = GL2(KA) and view GK = GL2(K) as a subgroup of GA via the diagonal
embedding. Denote by G∞ = GL2(R)
n the archimedean part of GA. For an integral ideal
N of O and a prime p, let
Yp(N ) =
{
A =
(
a b
c d
)
∈
( Op d−1Op
N dOp Op
)
: detA ∈ K×p , (aOp,NOp) = 1
}
,
Wp(N ) = {A ∈ Yp(N ) : detA ∈ O×p }
and put
Y = Y (N ) = GA ∩

G∞+ × ∏
p∤P∞
Yp(N )

 , W = W (N ) = G∞+ × ∏
p∤P∞
Wp(N ).
Given a numerical character ψ modulo N define a homomorphism ψY : Y → C× by setting
ψY (
(
a˜ ∗
∗ ∗
)
) = ψ(a˜N mod N ).
Given a fractional ideal I of K define I˜ = (Iν)ν to be a fixed idele such that I∞ = 1 and
I˜O = I. For λ = 1, ..., h, set xλ =
(
1 0
0 I˜λ
)
∈ GA. By the Strong Approximation theorem
GA =
h⋃
λ=1
GKxλW =
h⋃
λ=1
GKx
−ι
λ W,
where ι denotes the canonical involution on two-by-two matrices.
For an h-tuple (f1, ..., fh) ∈ Mk(N , ψ, θ) we define a function f : GA → C by
f(αx−ιλ w) = ψY (w
ι) det(w∞)
im(fλ | w∞)(i)
4for α ∈ GK , w ∈ W (N ) and i = (i, ..., i) (with i =
√−1). Here
fλ |
(
a b
c d
)
(τ) = (ad− bc) k2 (cτ + d)−kfλ
(
aτ + b
cτ + d
)
.
We identify Mk(N , ψ, θ) with the set of functions f : GA → C satisfying
(1) f(αxw) = ψY (w
ι)f(x) for all α ∈ GK , x ∈ GA, w ∈ W (N ), w∞ = 1
(2) For each λ there exists an element fλ ∈Mk such that
f(x−ιλ y) = det(y)
im(fλ | y)(i)
for all y ∈ G∞+.
Let ψ∞ : K
×
A → C× be defined by ψ∞(a˜) = sgn(a˜∞)k|a˜∞|2im, where m was specified in the
definition of θ. We say that a Hecke character Ψ extends ψψ∞ if Ψ(a˜) = ψ(a˜N mod N )ψ∞(a˜)
for all a˜ ∈ K×∞ ×
∏
pO×p . If the previous equality holds for ψ∞(a˜) = sgn(a˜∞)k then we say
that Ψ extends ψ.
Given a Hecke character Ψ extending ψψ∞ we define an ideal character Ψ
∗ modulo NP∞
by {
Ψ∗(p) = Ψ(π˜p) for p ∤ N and π˜O = p,
Ψ∗(a) = 0 if (a,N ) 6= 1
For s˜ ∈ K×A , define f s˜(x) = f(s˜x). The map s˜ −→
(
f 7→ f s˜) defines a unitary representa-
tion of K×A in Mk(N , ψ, θ). By Schur’s Lemma the irreducible subrepresentations are all one-
dimensional (since K×A is abelian). For a character Ψ on K
×
A , let Mk(N ,Ψ) denote the sub-
space of Mk(N , ψ, θ) consisting of all f for which f s˜ = Ψ(s˜)f and let Sk(N ,Ψ) ⊂ Mk(N ,Ψ)
denote the subspace of cusp forms. If s ∈ K× then f s = f . It follows that Mk(N ,Ψ) is
nonempty only when Ψ is a Hecke character. We now have a decomposition
Mk(N , ψ, θ) =
⊕
Ψ
Mk(N ,Ψ),
where the direct sum is taken over Hecke characters Ψ which extend ψψ∞.
If f = (f1, ..., fh) ∈ Mk(N , ψ, θ), then each fλ has a Fourier expansion
fλ(τ) = aλ(0) +
∑
0≪ξ∈Iλ
aλ(ξ)e
2πitr(ξτ).
If m is an integral ideal then we define the m-th ‘Fourier’ coefficient of f by
C(m, f) =
{
N(m)
k0
2 aλ(ξ)ξ
− k
2
−im if m = ξI−1λ ⊂ O
0 otherwise
where k0 = max{k1, ..., kn}.
Given f ∈ Mk(N , ψ, θ) and y ∈ GA define a slash operator by setting (f | y)(x) = f(xyι).
5For an integral ideal r define the shift operator Br by
f | Br = N(r)−
k0
2 f |
(
1 0
0 r˜−1
)
.
The shift operator maps Mk(N ,Ψ) to Mk(rN ,Ψ). Further, C(m, f | Br) = C(mr−1, f). It
is clear that f | Br1 | Br2 = f | Br1r2 .
For an integral ideal r the Hecke operator Tr = T
N
r maps Mk(N ,Ψ) to itself regardless of
whether or not (r,N ) = 1. This action is given on Fourier coefficients by
(1) C(m, f | Tr) =
∑
m+r⊂a
Ψ∗(a)N(a)k0−1C(a−2mr, f).
Note that if (a, r) = 1 then BaTr = TrBa.
3. A newform theory for Hilbert Eisenstein series
In this section we give a very brief outline of the newform theory of spaces of Hilbert
Eisenstein series. This theory will play a pivotal role in the proof of Theorem 4.1. A detailed
treatment is provided in [1].
Fix a space Mk(N ,Ψ) ⊂ Mk(N , ψ) where ψ : (O/N )× → C× is a numerical character, Ψ
is a Hecke character extending ψ and k ∈ Zn. Let Ek(N ,Ψ) be the orthogonal complement
of Sk(N ,Ψ) in Mk(N ,Ψ) with respect to the Petersson inner product (i.e. Ek(N ,Ψ) is
the subspace of Eisenstein series). It is well known that Mk(N ,Ψ) = Sk(N ,Ψ) unless
k1 = · · · = kn ≥ 0. Thus we may abuse notation and make the identification k = (k, ..., k)
for some integer k. We will assume throughout that k ≥ 3.
We begin with a construction due to Shimura ([7, Prop. 3.4])
Proposition 3.1. Let N1,N2 be integral ideals and ψ1 (respectively ψ2) be a character, not
necessarily primitive, on the strict ideal class group modulo N1 (respectively N2) such that
ψ1(νO) = sgn(ν)a for ν ≡ 1 (mod N1)
ψ2(νO) = sgn(ν)b for ν ≡ 1 (mod N2),
where a, b ∈ Zn and a + b ≡ k (mod 2Zn). Then there exists Eψ1,ψ2 ∈ Ek(N1N2,Ψ), where
Ψ is the Hecke character such that Ψ∗(r) = (ψ1ψ2)(r) for r coprime to N1N2, such that for
any integral ideal m,
(2) C(m, Eψ1,ψ2) =
∑
r|m
ψ1(mr
−1)ψ2(r)N(r)
k−1.
6It is easy to see that, in analogy with the cuspidal case, if p is a prime not dividing N1N2
then Eψ1ψ2 is an eigenform of the Hecke operator Tp with eigenvalue C(p, Eψ1,ψ2).
We say that a form Eψ1,ψ2 is an Eisenstein newform of level N if the characters ψ1 and
ψ2 are both primitive and N = fψ1fψ2. We denote by E newk (N ,Ψ) the subspace of Ek(N ,Ψ)
generated by newforms of level N .
As in the cuspidal case, Ek(N ,Ψ) has a basis consisting of shifts of newforms of level M
dividing N ([9, Prop. 1.5], [1, Prop. 3.11]).
Proposition 3.2. Let notation be as above. We have the following decomposition of
Ek(N ,Ψ):
Ek(N ,Ψ) =
⊕
fΨ|M|N
⊕
r|NM−1
E
(new)
k (M,Ψ) | Br.
The eigenvalues of an Eisenstein newform with respect to the Hecke operators {Tp : p ∤ N}
distinguish it from other newforms. In particular we have the following strong multiplicity-
one theorem (Theorem 3.6 of [1]).
Theorem 3.3. Let M,N be integral ideals and Eψ1,ψ2 ∈ E (new)k (M,Ψ) and Eφ1,φ2 ∈
E
(new)
k (N ,Ψ) be newforms such that
C(p, Eψ1,ψ2) = C(p, Eφ1,φ2)
for a set of finite primes of K having Dirichlet density strictly greater than 1
2
. ThenM = N
and Eψ1,ψ2 = Eφ1,φ2.
4. Proof of theorem
Fix an integral ideal N of K, a weight vector (k, . . . , k) ∈ Zn with k ≥ 3 and consider
the space Mk(N ) of adelic Hilbert modular forms of level N , weight k and trivial character.
We will characterize the Hilbert modular cusp forms of Mk(N ) in terms of the size of their
Fourier coefficients.
Theorem 4.1. Fix a real number ǫ ∈ (0, 5k−7
10
]
. If the Fourier coefficients of f ∈ Mk(N )
satisfy
(3) |C(m, f)| ≪f,ǫ N(m)k−1−ǫ,
then f is a cusp form.
Proof. The space Mk(N ) decomposes into a direct sum
Mk(N ) = Sk(N )⊕ Ek(N ),
7where Ek(N ) is the subspace of Eisenstein series. Shahidi [6] has shown that the Fourier
coefficients of cusp forms satisfy |C(m, f)| ≪f N(m) k−12 + 15 and hence satisfy (3) as well.
Thus it suffices to show that if f ∈ Ek(N ) satisfies (3) then f = 0. We have a decomposition
(4) Ek(N ) =
⊕
Ψ
Ek(N ,Ψ),
where the sum is taken over Hecke characters extending the trivial character
ψ0 : (O/N )× → C×.
Let TN denote the algebra generated by all Hecke operators Tm with m an integral ideal
coprime to N . It is well-known that for each direct summand in (4) we can find an operator
T ∈ TN such that T acts on this summand by multiplication by a non-zero scalar and
annihilates all of the other summands.
Observing that if f ∈ Ek(N ) satisfies (3) then so too does f | T for all T ∈ TN (as follows
from the action of Tm on Fourier coefficients; see (1)), we see that it suffices to fix a direct
summand Ek(N ,Ψ) of (4) and prove that if f ∈ Ek(N ,Ψ) and f satisfies (3) then f = 0.
The newform theory of Hilbert Eisenstein series [1] shows that we have
(5) Ek(N ,Ψ) =
⊕
(ψ1,ψ2)
ψ1ψ2=Ψ∗
⊕
a|N f−1
ψ1
f−1
ψ2
CEψ1,ψ2 | Ba,
where the first sum is over pairs (ψ1, ψ2) of primitive characters on the strict class group of
K having the property that Ψ∗(r) = ψ1(r)ψ2(r) for all integral ideals r coprime to fψ1fψ2.
We therefore fix an Eisenstein newform Eψ1,ψ2 of level M dividing N which satisfies (3)
and write
(6) f =
∑
a|NM−1
λaEψ1,ψ2 | Ba,
where the coefficients λa are all complex numbers.
We show that each of the coefficients λa is equal to zero. Our argument is by induction.
For each r ≥ 0 we show that if a divisor a of NM−1 has r prime factors (with multiplicity)
then λa = 0.
Suppose first that r = 0 so that a = (1). Let P be a prime ideal which represents the
trivial element of the strict ideal class group modulo N . It is clear that P ∤ N . Then
ψ1(P) = ψ2(P) = 1. Note as well that if b is a divisor of NM−1 with at least one prime
divisor then
C(P, Eψ1,ψ2 | Bb) = C(Pb−1, Eψ1,ψ2) = 0
since Pb−1 is not integral. Computing the P-th coefficients in (6) now yields:
|λ(1)|(1 +N(P)k−1)≪ N(P)k−1−ǫ.
8The Chebotarev Density theorem implies that there are infinitely many prime ideals P
which represent the trivial strict ideal class modulo N , hence as N(P) → ∞ we obtain a
contradiction unless λ(1) = 0.
We now suppose that r ≥ 1 and that we have shown that λc = 0 for any divisor c of
NM−1 having fewer than r prime factors. Let a be a divisor of NM−1 having exactly r
prime factors (not necessarily distinct) and write a = P1 . . .Pr as a product of primes. Let
P be a prime ideal which represents the trivial element of the strict ideal class group modulo
N and set m = aP = P1 . . .PrP. As above, if b 6= a is a divisor of NM−1 with at least r
prime factors then we have
C(m, Eψ1,ψ2 | Bb) = C(mb−1, Eψ1,ψ2) = 0.
Computing the m-th coefficients in (6) now yields:
|λa|(1 +N(P)k−1)≪ N(P)k−1−ǫ.
As P was selected from an infinite set of primes (a set which in fact has positive Dirichlet
density), by letting N(P)→∞ we obtain a contradiction unless λa = 0.
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